District heating networks are commonly addressed in the literature as one of the most effective solutions for decreasing the greenhouse gas emissions from the building sector. These systems require high investments which are returned through the heat sales. Due to the changed climate conditions and building renovation policies, heat demand in the future could decrease, prolonging the investment return period. The main scope of this paper is to assess the feasibility of using the heat demand -outdoor temperature function for heat demand forecast. The district of Alvalade, located in Lisbon (Portugal), was used as a case study. The district is consisted of 665 buildings that vary in both construction period and typology. Three weather scenarios (low, medium, high) and three district renovation scenarios were developed (shallow, intermediate, deep). To estimate the error, obtained heat demand values were compared with results from a dynamic heat demand model, previously developed and validated by the authors. The results showed that when only weather change is considered, the margin of error could be acceptable for some applications (the error in annual demand was lower than 20% for all weather scenarios considered). However, after introducing renovation scenarios, the error value increased up to 59.5% (depending on the weather and renovation scenarios combination considered). The value of slope coefficient increased on average within the range of 3.8% up to 8% per decade, that corresponds to the decrease in the number of heating hours of 22-139h during the heating season (depending on the combination of weather and renovation scenarios considered). On the other hand, function intercept increased for 7.8-12.7% per decade (depending on the coupled scenarios). The values suggested could be used to modify the function parameters for the scenarios considered, and improve the accuracy of heat demand estimations. 
Introduction
Lithium-ion batteries are one the best commercially available power source for energy storage systems for renewable sources, e.g., computers, electrified transportation, and unmanned aerial vehicles (UAVs). The reason is partially because lithium-ion batteries offer the highest power and energy density, which make them better than nickel cadmium or lead acid cells. However, their reliability is impacted by discharge rate, temperature, and amount of usage. Furthermore, they have short cycle lives, significant degradation with age, and can become unsafe if
Lithium-ion batteries are one the best commercially available power source for energy storage systems for renewable sources, e.g., computers, electrified transportation, and unmanned aerial vehicles (UAVs). The reason is partially because lithium-ion batteries offer the highest power and energy density, which make them better than nickel cadmium or lead acid cells. However, their reliability is impacted by discharge rate, temperature, and amount of usage. Furthermore, they have short cycle lives, significant degradation with age, and can become unsafe if overheated. A smart battery management system based on state-of-health (SOH) and state-of-charge (SOC) can recognize these factors, enable users and operators the information they need for safer operation.
This paper focuses on lithium-ion battery SOC estimation. SOC is defined as the ratio of instantaneous remaining battery charge to its maximum capacity. Lithium-ion battery SOC estimation is a challenging problem since the battery dynamics are governed by thermal-electrochemical principles, which mathematically modeled by partial differential equations (PDEs). A thermal-electrochemical model consists of a set of PDEs, which is a Single Particle Model (SPM) to model the anode, cathode, and electrolyte dynamics, and an ordinary differential equation (ODE) to model the average temperature of a lithium-ion battery. In general, the thermal-electrochemical model is a coupled of time-varying reaction-diffusion equations and an ODE.
Literature review
Control and estimation of PDEs have gained much attentions lately, due to the introduction of the backstepping technique [1] . The method uses an integral transformation to transform the system into a stable target system. The method has been successfully used to solve control and estimation problems of many types of PDEs including pseudo-parabolic equation [2, 3] , KdV equation [4] , and PDE-ODE cascade systems [5] . More recently, the method has been used to design a stabilizing controller for a reaction-diffusion equation with spatially-varying coefficients [6] . In the petroleum industry, the backstepping method has found several applications, such as in gas coning control [7] , flow control in porous media [8, 9] , slugging control [10] , lost circulation and kick control [11, 12, 13] , and heave attenuation problem [14, 15] . Another emerging application is in battery management system (BMS), where the backstepping method is used to design a Luenberger observer for state estimation of a lithium-ion battery [16, 17] . In [18] , a backstepping observer is used for state estimation of a single particle model with electrolyte dynamics. In this work, the diffusion coefficients are assumed constant. An improved model using a thermal-electrochemical model is considered in [19, 20] . Here, the diffusion coefficients are considered to be of an Arrhenius-like dependency on temperature.
Contribution of this paper
The novelty of this paper is a state observer design for a reaction-diffusion equation with space and time dependent coefficient using a single boundary measurement. Furthermore, we implement the boundary observer design for SOC estimations in lithium-ion batteries from a thermal-electrochemical model.
Organization of this paper
In section 2, the estimation problem for a reaction-diffusion equation is formulated. The main contribution of this paper is presented in section 3. Here, we design a state observer for the reaction-diffusion equation with space and time dependent using the backstepping method with only a single boundary measurement. In section 4, an observer design for a thermal-electrochemical model used in the lithium-ion battery SOC estimation is presented. A simulation is presented to demonstrate the usefulness of the observer design. Finally, section 5 contains conclusions.
The Space and Time Dependent Reaction-Diffusion Equation
We consider the following a space and time dependent reaction-diffusion equation with mixed boundary conditions
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Infinite-Dimensional Boundary Observer for State and Time Dependent Reaction-Diffusion Equation
We design the state observer for (1) as the copy of the plant plus an output injection term as follow
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We employ a Volterra integral transformation
r t w r t p r s t w s t ds
to transform the error system (3) into the following target system
where the free parameter µ can be used to set the desired rate of stability. The error system (5) 
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Lithium-Ion Battery State Estimation from a Thermal-Electrochemical Model
In this section, the boundary observer designed in the previous section is used to estimate the SOC of a lithiumion battery. To achieve accurate SOC estimation, we use a coupled thermal-electrochemical model. The thermalelectrochemical model is derived from the Fick's law in spherical coordinates.
A thermal-electrochemical model
A single particle model (SPM) with thermal dependency of a lithium-ion battery in each electrode is given by ( ) ( 
with Neumann boundary conditions 
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Boundary measurement and model reduction
The voltage output is derived from Butler-Volmer kinetics with a combination of electric over-potential and electrode thermodynamics, and is given by ( ) ( 
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As a result, the electrochemical model can be reduced only for anode dynamics, i.e., only the first equation of (8) with boundary condition only the first equation of (9). Since the anode boundary concentration is available from the measured output voltage and input current, the observer is given by 
Feasibility of the design
where the observer gains 
Simulation
We demonstrate the proposed infinite-dimensional observer in a simulation study. Here, we apply the observer for the thermal-electrochemical model (8)- (11) . Some model parameters are taken from the genetic algorithm-based parameter identification study performed on commercial lithium-iron phosphate cells in [21] . The objective is to estimate the bulk anode SOC, which is defined as ( ) ( ) To demonstrate uncertainty in the initial conditions, the plant and observer states are initialized at different values. Figure 1 shows the applied input current in terms of C-rate and the bulk anode SOC. It can be seen that the SOC is accurately estimated using only boundary measurements ss c − .
Conclusions
This paper presents boundary observer designs for a reaction-diffusion equation with space and time dependent coefficients. The observer is designed using only a boundary measurement. The observer design is used to estimate the SOC of a lithium-ion battery from a thermal-electrochemical model. It was shown that the observer design estimates the bulk anode SOC accurately.
